In this study, we use the explicit finite element method in combination with higher order elements and 3D node splitting to simulate fracture and fragmentation of blast-loaded laminated glass. Node splitting is a modelling technique where elements are separated instead of being eroded when a fracture criterion is reached. The resulting FE simulations are thus capable of describing behaviours such as fragmentation without loss of mass or momentum, fine cracking of the glass plates, and delamination and separation between the glass and the polymer interlayer. The simulations are compared to blast experiments conducted in a shock tube. In total, 15 laminated glass specimens (consisting of annealed float glass plates and PVB) were tested at five different pressure levels. The time and position of fracture initiation in the glass plates varied, which in turn resulted in varying post-fracture behaviour within the different pressure levels. The simulations were in good agreement with the blast tests, revealing the potential of the selected numerical method. Additional simulations of monolithic (i.e., non-laminated) glass plates were conducted and compared to experiments that were presented in an earlier study. Again, these simulations displayed a highly comparable response to the experiments, and were able to describe crack branching, formation of large glass splinters and free-flying fragments.
Introduction
In recent years, extreme conditions such as blast and impact loading have become important aspects in structural design. Window systems are generally considered the most vulnerable part of a structural facade, as they mainly consist of annealed float glass. Glass is a brittle material, and when it fails, it will break in a sudden manner into numerous sharp fragments. Laminated glass is often used as an alternative to increase the safety of window systems in the event of an explosion or an impact, and consists of two or more glass plates bonded together with a polymer interlayer, usually polyvinyl butural (PVB). The polymer interlayer retains broken glass fragments and increases the loading resistance of the window system. If a flexible polymer is used (e.g., PVB), deformation of the interlayer absorbs energy, which in turn reduces the energy transmitted to the rest of the structure. The post-fracture behaviour of laminated glass subjected to blast loading is a complex process and has been a topic of research for several years. The open literature includes many experimental studies on blast-loaded laminated glass, both field tests [1] [2] [3] [4] and shock tube tests [5] [6] [7] . In a recent study by Osnes et al. [8] , the combined effect of fragment impact and blast loading on laminated glass was studied experimentally. A number of researchers have used finite element (FE) simulations with the aim of recreating the mechanical behaviour observed in the experiments. Among them, Larcher et al. [1] studied the behaviour of a solid element model, a shell element model and a smeared model, and concluded that the solid element model gave the most accurate result. Hooper et al. [2] developed a shell element model where the stiffness of the glass layer was set to zero when it fractured. The technique gave comparable results to experiments. Zhang et al. [4] studied the failure mechanisms of laminated window systems through FE simulations, and found that the boundary conditions dominate the behaviour. The study emphasised the importance of accurate modelling of the window frame. Pelfrene et al. [7] developed a detailed FE model of a blast-loaded laminated glass, and investigated the possibility of delamination between the glass and the PVB. The numerical model was able to capture many aspects of the post-fracture behaviour. However, the authors emphasised the need of a very fine mesh to model the fracture and delamination processes accurately when using element erosion. Another study of importance is the experimental and numerical investigation of pre-cracked laminated glass specimens under tensile loading by Del Linz et al. [9] . The authors found that the delamination process in terms of delamination energy is dependent on the loading rate. Franz and Schneider [10] performed similar experiments and showed that the delamination properties are strongly dependent on the adhesion level between the PVB and the glass. The delamination properties are also found to be dependent on the ambient temperature [11] . Other aspects to consider is the probabilistic fracture strength of glass, which arises from microscopic flaws located on the surface [12] . In a recent work by Osnes et al. [13] , the strength of glass plates exposed to an arbitrary loading history was estimated by a stochastic strength model. The model utilises stress fields from FE simulations and performs virtual experiments on a large number of glass plates. The stochastic strength model is based on the work of Yankelevsky [14] .
In the current study, we use the explicit finite element method combined with higher-order elements and node splitting in simulations of blast-loaded laminated glass specimens. Node splitting is an alternative to element erosion, in which elements are separated instead of deleted when a fracture criterion is reached. By employing node splitting, a number of obstacles associated with element erosion are avoided. To further demonstrate the use of the modelling techniques, we also run simulations of blast-loaded monolithic (i.e., non-laminated) glass plates. The simulations of both laminated and monolithic glass are compared to blast experiments performed in a shock tube [15] . A total of 15 laminated glass specimens (made from annealed float glass plates and PVB) were tested at five different pressure levels. The time and position of fracture initiation varied in the tests, which in turn resulted in varying post-fracture behaviour within the different pressure levels. The experiments on monolithic glass were presented in an earlier study by Osnes et al. [13] . In the FE simulations presented in this study, glass fracture takes place upon reaching a deterministic failure criterion. Since the fracture strength of glass is probabilistic, this is a simplification of the problem. However, as the main purpose of the numerical study is to investigate the applicability of the selected simulation method, this simplification is deemed justifiable, even if the stochastic fracture behaviour of glass should be considered in the design of laminated glass components.
Materials

Float glass
The laminated glass used in this study consists of clear soda-lime silica float glass, which has undergone an annealing process. This process results in glass plates with nearly no internal residual stresses. Float glass is a brittle material and has a linear elastic behaviour until it fails suddenly into sharp fragments. Fracture in glass typically initiates in microscopic flaws randomly located on the surface, which results in a highly stochastic fracture behaviour [13] . The flaws also cause glass plates to primarily fail in tension, since crack propagation is induced by mode I loading (i.e., opening of a flaw) [12] . Commonly used material parameters for float glass are presented in Table 1 [16] . The fracture toughness K IC is the critical stress intensity factor for mode I loading. The value stated in the table is based on quasi-static tests by Wiederhorn [17] . It should, however, be noted that the fracture strength of glass is found to be strain-rate sensitive [18, 19] , which could affect the fracture toughness. The strain-rate dependency is believed to be caused by a type of stress-corrosion [20] , i.e., a phenomenon driven by water vapour in the surroundings [21] .
Polyvinyl butyral (PVB)
The laminated glass used in this study includes an interlayer made from polyvinyl butyral (PVB). It is the most commonly used interlayer in laminated window glass, and is also frequently used as a component in automobile windshields [7] . PVB is a highly flexible material, and may undergo large strains before failure. Additionally, it exhibits temperature and strain-rate dependent nonlinear behaviour [22] [23] [24] with hardly any permanent deformation some time after loading [23] . PVB is usually considered to be nearly incompressible [1] , and it has been reported that the failure strain of PVB decreases with increasing strain rate [23] . The viscoelastic response of PVB is illustrated in Fig. 1 , which shows true stress-logarithmic strain curves from uniaxial tensile tests at different strain rates. It is seen that the curves from the high strain-rate tests include a point where the stiffness changes. This effect is not observed at low strain rates. The uniaxial tensile tests presented in Fig. 1 were performed on PVB dogbone specimens by Hooper et al. [22] and Del Linz et al. [24] .
Laminated glass
Laminated glass consists of two or more glass plates bonded together with a polymer interlayer (usually PVB). The bonding is mainly a result of a process including heat and pressure in an autoclave. Compared to monolithic glass, laminated glass has several beneficial attributes. If the glass breaks, the glass fragments adhere to the polymer, resulting in a safer glass solution, especially against blast and impact loading. The interlayer also provides additional resistance by distributing forces over a larger area of the plate. A flexible interlayer, such as PVB, can also absorb energy during loading and in turn reduce the energy transmitted to the rest of the structure (e.g., building or automobile). The pre-fracture behaviour of laminated glass is relatively simple, with linear-elastic behaviour of the glass plates [1] . The interlayer transfers shear forces between the glass layers to a varying extent depending on the stiffness of the interlayer. After fracture of the glass plates, the behaviour is more complex. Delamination occurs between the glass and the interlayer around the cracks in the glass, which leads to stretching of the interlayer. A strong adhesion between the interlayer and glass might not be desirable as this can lead to stretching over a small area and tearing of the interlayer [7] . However, a sufficient adhesion level must be achieved to limit the amount of detaching glass fragments. The adhesion level is dependent on the autoclave process and the applied polymer type. [22] and Del Linz et al. [24] . The legend refers to the nominal strain rate.
Experimental study
Blast loading
In the event of a chemical explosion, a shock wave is generated and followed by a series of pressure waves, thus forming a blast wave. The blast pressure, i.e., the pressure profile of the blast wave, is dependent on factors such as the standoff distance and the size of the explosive charge. When the distance from the detonation increases, the intensity of the blast pressure decreases, while the duration increases. The blast pressure can be categorised as either an incident blast pressure or a reflected blast pressure. The loading experienced by a structure is the reflected overpressure, i.e., the reflected blast pressure relative to the atmospheric pressure. The loading history typically consists of a positive overpressure phase and a negative overpressure phase, where the latter will have a lower intensity and often a longer duration. The positive overpressure phase can be described by the modified Friedlander equation [25] , given by
where P max is the maximum reflected overpressure, + t d is the duration of the positive phase, and b is the decay coefficient used to describe the shape of the overpressure-time curve. Note that = t 0 refers to the arrival time of the blast wave. The negative phase is negligible compared to the positive phase in the experiments presented in this study. Thus, the modified Friedlander equation is sufficient to describe the blast loading on the laminated glass specimens. It should, however, be noted that the negative phase may have a pronounced effect on the blast response of glass plates (see, e.g., [26] ).
Blast testing
The laminated glass was subjected to pressure loads generated by a shock tube, which is located at SIMLab at the Norwegian University of Science and Technology (NTNU). The produced loading history is similar to that of far-field explosions, and the shock tube is thus a safe alternative to explosive detonations [15] . Fig. 2 shows a sketch of the shock tube. It consists of a high-pressure chamber (the driver section), a firing section, a low-pressure chamber (the driven section), a window section, and a dump tank (with a volume of 5.1 m 3 ). The laminated glass specimen is attached to the end of the driven section which is positioned inside the dump tank. The pressure load is produced by built-up air pressure (in the driver section) that is sent down the driven section and transformed into a characteristic blast wave. When the blast wave reaches the test specimen, it is reflected and the pressure intensifies. The reflected overpressure represents the loading experienced by the laminated glass. We refer to the work by Aune et al. [15] for a detailed description and validation of the shock tube, and for the general experimental setup. The current blast tests were filmed by two synchronised high-speed cameras of type Phantom v1610 (with a recording rate of 24 kHz) or Phantom v2511 (with a recording rate of 37 kHz). The reflected overpressure is estimated by curve fitting the Friedlander equation (Eq. (1)) to data from two piezoelectric pressure sensors (denoted sensors 1 and 2 in Fig. 2 ). The sensors are placed 245 mm and 345 mm upstream the laminated glass specimen, and have a recording rate of 500 kHz. A validation of the curve-fitting procedure can be found in Aune et al. [15] . The validation was performed using a massive steel plate equipped with several pressure sensors. The Friedlander curve fit based on sensors 1 and 2 showed excellent agreement with pressure measurements directly on the massive steel plate. Note that, if the displacements of the specimen are large during loading, Fig. 2 . Sketch of the shock tube seen from above [15] . there may be an interaction between the specimen and the air, i.e., a fluid-structure interaction (FSI) effect. This interaction could cause a disagreement between the actual and the curve-fitted reflected overpressure. More details regarding the pressure measurements in the shock tube can be found in the work by Aune et al. [15] . Fig. 3 shows a custom-made fastening system for blast testing of glass specimens in the shock tube. The specimen is clamped between two 25 mm thick aluminium plates. Neoprene rubber strips (with a thickness of 4 mm, width of 50 mm, and a hardness of IRHD 50 ± 10) are glued to the clamping plates and hence positioned on each side of the glass. The inner clamping plate is placed closest to the driven section, and includes a 5.7 mm deep milled-out area to facilitate the setup. To properly fasten the outer clamping plate while limiting the clamping pressure on the glass, steel stoppers are placed on the bolts that connect the two clamping plates together. In total, twelve equidistant M24 bolts are used. The glass specimen has dimensions 400 mm × 400 mm, while the loaded area is 300 mm × 300 mm. For more details on the experimental setup, we refer to Osnes et al. [13] .
To measure the deformation of the laminated glass and possible movements of the clamping plate during testing, we employed threedimensional digital image correlation (3D-DIC). Checkerboard stickers with dimensions 12 mm × 12 mm were placed on the outer clamping plate, and 25 white circles with a central black dot, denoted optical targets, were spray-painted on the glass, see Fig. 3b . The distance between the circles was c/c 60 mm in both in-plane directions. A pointtracking procedure, available in the in-house 3D-DIC software eCorr [27] , was used to track the optical targets and the checkerboard stickers from the high-speed images of the tests. If a speckle pattern was painted on the laminated glass, we could have obtained the displacement field from 3D-DIC. However, this was not done, as it would reduce the visibility of fracture initiation and propagation in the glass plates during the tests. The point-tracking procedure was validated in Ref. [13] .
Experimental results
Fifteen laminated glass specimens, consisting of two 3.8 mm thick glass plates and a 1.52 mm thick PVB interlayer, were tested. Table 2 presents results from these tests in terms of the maximum reflected overpressure P max , Friedlander parameters + t d and b, time of fracture initiation t frac , maximum mid-point displacement D max , and impulse of the positive pressure phase + i . The table also includes a comment on whether fracture occurred in the glass plates or not. PVB fracture was not visible in any of the tests. The glass plate closest to the cameras, i.e., farthest away from the pressure load, is referred to as the back plate in this study. The maximum mid-point displacements were corrected for the average displacements of the outer clamping frame. This correction did not significantly alter the results since the average frame displacement never exceeded 0.2 mm.
The experimental programme is divided into five classes, denoted A, B, C, D and E, based on the intensity of the maximum reflected overpressure. The logging frequency of the high-speed cameras was 37 kHz for tests B-01, C-01 and E-01. For the remaining tests, the logging frequency was 24 kHz. The velocity of the shock wave was measured to be between 427 m/s and 463 m/s, resulting in a Mach number above 1 in Table 2 Results from the blast tests on laminated glass for the five different classes of loads. all tests. These measurements were based on the recorded time used by the shock wave to travel between sensors 1 and 2, and the known distance between them. Examples of pressure data from the two sensors, including a Friedlander curve fit, are presented in Fig. 4 . Note that the sensors are located some distance from the specimen, and therefore registers both the incident blast wave (at t < 0) and the reflected blast wave (at t > 0). The specimen is loaded by the reflected overpressure, represented by the fitted Friedlander curve. The results from Fig. 4 show that the pressure-time curves are highly similar despite the markedly different response of the plates within a class.
In tests D-01, D-03 and E-02, the mid-point optical target was no longer traceable after the specified D max due to small glass fragments obstructing the visibility of the targets. Therefore, the true D max might have been larger in these tests. The complete mid-point displacement versus time curves for all tests are displayed in Fig. 5 . It is clear that the displacements are limited if fracture is not present in both glass plates. In test A-04, fracture occurred only in the back plate. This resulted in a different behaviour compared to the rest of the plates in class A for which no fracture occurred. Fig. 5 also illustrates that the displacements of the laminated glass specimens differ despite the pressure load being similar. This difference is caused by a variation in the position and time of fracture initiation in the tests. It seems that the fracture initiation governs a great deal of the subsequent behaviour of the laminated glass. When fracture is absent, the behaviour is similar. Furthermore, the tests depict the probabilistic fracture strength of glass. Fracture occurred (in the back plate) in one test of class A, but not for any of the tests of class B. In addition, fracture occurred (in both plates) for only one of the two tests of class C. Fig. 6 shows the points of fracture initiation in the different tests. The dashed lines in the figure refer to the outer edges of the loading area, while the grey circles show the position of the optical targets. Note that for test D-04, fracture initiated at two different places at approximately the same time, referred to as (1) and (2) . All fractures initiated in the back plate. The information from Table 2 and Figs. 5 and 6 suggest that a laminated glass displays a larger displacement when fracture initiates early and at the mid-point.
Detailed photo series from one of the high-speed cameras of tests A-04, C-02, D-03 and E-01 are presented in Figs. 7-10. As previously mentioned, only the back glass plate fractured in test A-04 (see Fig. 7 ). This implies that the PVB was not activated and therefore not allowed to deform as a membrane. The glass fracture initiated close to the midpoint (a), and the cracks propagated towards the frame (b-c). Afterwards, there was no visible change in the appearance (d). In test C-02, both glass plates fractured and the PVB deformed significantly (see Fig. 8 ). Fracture initiated close to the mid-point of the back plate (a), with radial cracks propagating towards the edges (b-c). After some time, the front plate failed (d), and circumferential cracks formed in both glass plates (e-f). Towards the end of the test, nearly the entire plate was cracked into small pieces, owing to the significant deformation of the PVB. Delamination was also clearly visible (g-h). In test D-03, a slightly different sequence of events was obtained (see Fig. 9 ). As in test C-02, fracture initiated close to the mid-point (a), with subsequent radial crack propagation (b). However, forming of circumferential cracks occurred earlier and closer to the corners (c-f). Delamination was also observed in this test (g-h). In test E-01 ( Fig. 10 ), fracture initiation occurred far from the mid-point (a), giving a highly different fracture pattern than in tests C-02 and D-03, with non-radial cracks propagating from the initiation point (b-c). After some time the appearance was similar to tests C-02 and D-03, with fracture in the front plate (d), growth of circumferential cracks (e), cracking into small fragments in both glass plates (f), and subsequent delamination (g-h). 
Material modelling
Float glass
In this study, the float glass is modelled as a linear elastic material with a brittle failure criterion. The elastic behaviour is determined by Young's modulus E and Poisson's ratio ν given in Table 1 . Fracture initiation occurs when a damage parameter D has evolved from 0 to 1 in an integration point, and is defined as
where σ 1 is the major principal stress, σ s is the given stress threshold for fracture initiation, t s is the fracture initiation time threshold and α s is an exponent that controls the time to initiate fracture. The parameter t s is introduced as a means to avoid that spurious peaks of stress result in fracture. Further, H is the Heaviside function, which ensures that damage does not evolve if σ 1 is less than σ s . In regards to float glass, = D 1 generally corresponds to the growth of a pre-existing microscopic surface flaw into a macroscopic crack. The brittle failure criterion is motivated by the work of Tuler and Butcher [28] .
When node splitting is applied, an initiated crack is made-up of new nodes and free element faces. Subsequently, propagation of a crack will occur if the stress intensity factor K I in the integration points surrounding a crack tip reaches a critical value given by
where K IC is the fracture toughness for mode I loading. A crack tip is defined as a node that has not yet been split and belongs to at least one created element face. Note that the criterion given by Eq. (3) is only checked in the integration points closest to the crack in elements that are connected to a crack tip node. Based on the stress field in a linear elastic cracked body [29] , the stress intensity factor K I is calculated by
where d is the distance from the integration points to the crack tip node and α is a constant determined by empirical calibration for the employed element type. The failure model is based on a deterministic approach, i.e., all glass elements are appointed the same fracture strength σ s . Since the fracture strength of glass is known to be probabilistic [12] , this will lead to a simplification of the glass failure modelling.
Polyvinyl butyral (PVB)
A viscoelastic material model, consisting of a hyperelastic spring in parallel with a nonlinear (viscous) dashpot, is used for the PVB material. The model employs a corotated formulation, i.e.,
where^is the corotated Cauchy stress tensor, σ is the Cauchy stress tensor, and R is the rotation tensor. The stress tensor^is given by the sum of the stresses in the hyperelastic spring^A and the nonlinear dashpot^B as
The stress contribution^A is calculated as
where μ, λ L and K are the initial shear modulus, locking stretch and bulk modulus, respectively. Further, 1 is the inverse Langevin function, J is the Jacobian given by the determinant of the deformation gradient F, and I is the identity tensor. The tensor C* dev is the deviatoric part of the isochoric right Cauchy-Green deformation tensor, and is defined as
Additionally, * c is an average chain stretch expressed as
The viscous stress contribution^B is calculated as
where b 0 , b 1 , b 2 and 0 are the viscous flow stress parameters, and dev eff is an effective time-averaged deviatoric shear strain rate. The latter is defined as
where D dev is a time-averaged corotated deviatoric rate of deformation tensor calculated as
Here, c dec is a viscous decay parameter and D dev is the corotated deviatoric rate of deformation tensor defined as
where D is the rate of deformation tensor. The presented model is motivated by a constitutive model by Bergström and Boyce [30] . In the original model, the viscous part is comprised of a Maxwell element instead of a single dashpot. By removing the spring in the Maxwellelement, the viscous stress is given explicitly; however, the need for numerical damping is introduced.
Adhesion and delamination
Adhesion between the PVB interlayer and the glass is modelled by merging the nodes in the PVB to the glass surface. Delamination, i.e., separation of the PVB nodes from the glass surface, can take place when the following criterion is reached. 
Here, σ fail is the tensile failure stress, τ fail is the shear failure stress and ξ is a scale factor calculated as
where Δ is the local characteristic element size of the PVB and Δ ref is the given element reference size. The scale factor ξ is included as a form of regularization, i.e., to account for a coarse mesh and its inability to generate possible stress concentrations. By including ξ, the stresses required to induce delamination is reduced if Δ > Δ ref . Further, σ and τ are the normal and shear stresses calculated from the nodal forces at the PVB-glass interface. They are expressed as
where t is the surface traction and n is the node normal. After reaching the criterion defined by Eq. (14), a certain amount of energy must be consumed before delamination occurs. At this point, the stresses are equal to = del and = del . Now, the stresses start to unload, following a linear function of the crack opening distance δ (along the direction given by t). This relationship is illustrated in Fig. 11 , and is given by
where T is the magnitude of the surface traction t, and T del is T after reaching the criterion defined by Eq. (14) . The crack opening distance when delamination occurs is δ f . The consumed energy (over the crack area) is thus defined as
where G I and G II are the given energy release per unit area for mode I and II loading. Note that the criterion is rate independent.
Finite element modelling
Finite element solver
In the current work, all numerical studies were carried out using the nonlinear explicit FE code IMPETUS Afea Solver [31] . The code is particularly suitable for simulations involving large deformations of structures and components under extreme loading conditions, due to the implementation of special features such as higher order elements and a node-splitting technique. Higher order elements provide additional robustness and accuracy, and can describe bending with only one element over the thickness, while node splitting enables modelling of fracture and crack propagation by separation of elements instead of deletion through element erosion. Node splitting involves generating new nodes and free element surfaces, and will occur when an integration point reaches a specified failure criterion. A crack will initiate at the nearest exterior node by splitting it into two nodes and separating neighbouring elements. After crack initiation, the software loops over all integration points surrounding the splitted node and calculates a stress (or strain) magnitude-weighted average direction of the major principal stress (or strain). Separation of elements (i.e., the crack) occurs in a direction as close as possible to the normal of the average major principal stress (or strain) direction [32] . In this study, the crack direction is chosen to be stress dependent. Holmen et al. [32, 33] applied the 3D node splitting technique, in combination with higher order elements, in ballistic impact simulations of aluminum and steel plates. IMPETUS Afea Solver is compatible with graphic processing units (GPUs) for an increased computational speed, and version 4.0.2452 of the solver was used in this study.
Calibration of material model for PVB
The following calibration is based on a selection of uniaxial tensile tests on PVB dogbone specimens performed by Hooper et al. [22] and Del Linz et al. [24] (Fig. 1) . The viscoelastic material model presented in Section 4.2 was calibrated to the tensile test data by a combined curve-fitting and inverse-modelling approach. The fitted parameters are presented in Table 3 . Simulations of the tensile tests were run to illustrate the agreement between the experiments and the calibrated model. The PVB specimen was modelled with symmetry along its length and width. One 27-node hexahedral element was used over the thickness since this is the element type that will be used in the blast simulations. Metallic grips were used to clamp the PVB to the testing machine in the experiments, and these were indirectly included by removing parts of the grip section in the model. Fig. 12 depicts the effective (von Mises) stress field in a simulation with a nominal strain rate of 400 s 1 at three different levels of deformation (given by the logarithmic strain). The figure shows that the PVB specimen is able to deform greatly without necking, and that it has a close-to homogeneous stress field in the gauge area. Fig. 13 displays the true stress versus logarithmic strain curves from the experiments and the simulations. Just like in the experiments, the true stress in the simulations was obtained from the reaction forces at the boundary of the specimen, and the logarithmic strain was found from the deformation of the gauge area. To investigate the versatility of the viscoelastic material model, we also simulated compressive Split Hopkinson Pressure Bar (SHPB) tests performed by Xu et al. [34] . The experiments were designed to minimise the friction between the bars and the PVB specimens, so we used a relatively low friction coefficient of 0.05 in our simulations. Fig. 14 compares the stress-strain curves from tests and simulations at three different strain rates. Note that the stress-strain data in Ref. [34] were given in terms of nominal values. The nominal stress and nominal strain in the simulations are calculated from the reaction force and displacement of the bars. As seen in the figure, the overall agreement between the simulation and experiment is good and deemed satisfactory for our purposes, despite some discrepancy at higher strains.
Note that the material tests were performed on PVB that was not treated in an autoclave. PVB is known to change from semitransparent to transparent after being subjected to heat and pressure, and one might therefore also expect some changes in the mechanical properties. This was shown in a study by Morison [35] , where PVB specimens (both untreated and treated in an autoclave) were tested at four different loading rates. It was found that both the transition force (i.e., the force when the stiffness of the stress-strain curve changes) and the initial stiffness increased when the PVB was treated. This effect will be investigated numerically later on in the study. Fig. 11 . Illustration of the stress unloading from reaching the criterion defined by Eq. (14) . Table 3 Fitted material parameters for the viscoelastic material model.>
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Fracture stress of float glass
As mentioned in Section 4.1, the selected failure criterion for glass is based on a deterministic approach. Since the fracture strength of glass is probabilistic, this criterion represents a simplification. However, the approach was deemed satisfactory, as the main intention of the numerical study was to demonstrate the selected simulation techniques.
In the following two sections, we will present numerical studies on both monolithic (i.e., non-laminated) glass and laminated glass. The glass material is the same for both cases, i.e., 3.8 mm thick soda-lime silica float glass. For failure modelling of the glass plates, the fracture stress σ s was chosen as 60 MPa and 90 MPa for the monolithic and laminated glass case, respectively. Two experimental tests were used to calibrate the failure criterion through an inverse modelling approach, which resulted in the two different values for σ s . In the calibration process, we focused on a qualitative assessment of the simulation, in addition to the time of fracture initiation in the glass. The laminated glass case corresponds to test D-03. Details about the monolithic tests will be presented in the following section.
To justify the use of the values for σ s , we carried out a statistical prediction of the fracture strength of the glass for the two cases. The analyses were done through the use of a stochastic strength model presented by Osnes et al. [13] . The input to the model is the stress field from an FE simulation of each of the two experimental tests. In these FE simulations, glass fracture is not included. The basis of the stochastic strength model is that fracture generally initiates in microscopic surface flaws under tensile loading. As a result, fracture depends on the applied normal stresses and the properties of the surface flaws. In the model, the information from the FE simulations is combined with an artificial flaw map, i.e., information about the location, size, and orientation of the flaws. The flaw map is varied over a number of iterations, i.e., virtual experiments. The stress intensity factor is evaluated and compared to the fracture toughness in every flaw within each iteration. The stochastic strength model outputs a prediction of the location and time of fracture initiation, and the probability distribution of the fracture load and fracture stress. More details regarding the stochastic strength model can be found in Ref. [13] . The number of employed iterations was set to 5000, and the calculation time was approximately 2 min for each of the two failure predictions. The statistical failure prediction that corresponds to the two experimental tests is presented in Fig. 15 . According to the stochastic strength model, the failure stress for both the monolithic and the laminated glass test (D-03) is between ∼ 55 MPa and ∼ 120 MPa, see Fig. 15a . Therefore, the two values chosen for σ s fall within the predicted values. Fig. 15b and c illustrates the predicted 
Modelling of monolithic glass blast test
We chose to simulate the behaviour of monolithic float glass plates as an initial numerical study of the blast tests. To compare the simulations with representative test results, we used two experiments from an earlier study on blast-loaded monolithic glass that can be found in Ref. [13] . In the first experiment, no fracture was visible, while in the second experiment, fracture initiated close to the mid-point of the plate. The peak reflected overpressure P max in the tests was 62.5 kPa for the unfractured plate and 63.7 kPa for the fractured plate.
The glass was modelled as linear elastic with the parameters presented in Table 1 . The boundary conditions of the glass plate consisted of rubber strips with restriction in displacement at the outer surfaces, and four 5.7 mm thick rigid plates at the edges. The latter was included to mimic the milled-out area of the inner clamping plate. It was deemed unnecessary to include the entire clamping in the model since the rubber was glued to the clamping plates. Fig. 16a shows the FE model with the meshes of the different components. The rubber was modelled with 7 mm × 7 mm × 4 mm 64-node hexahedral elements, while for the glass we used 4 mm × 4 mm × 3.8 mm 40-node pentahedron elements. Pentahedron elements were chosen to allow crack growth to happen in several directions. The pressure loading is described by the Friedlander equation defined in Eq. (1), and the pressure was applied normal to the loading area of the glass. The Friedlander parameters + t d and b were set to 11.82 ms and 0.73, respectively [13] . It should be noted that we employ a purely Lagrangian (uncoupled) approach, and potential FSI effects are therefore neglected in this study. In other words, we assume that the pressure is unaltered by the deformation of the specimen. Generally, a coupled approach results in reduced deformations, in which the extent is dependent on the amount of FSI effects present [36] .
The rubber material was modelled as linear elastic with a Young's modulus of 2 MPa, and a Poisson's ratio of 0.46 [13] . This results in a simplification of the material behaviour of the rubber, but it was proved sufficient to recreate the boundary conditions in the experiments. This is demonstrated in Fig. 17a , where displacements of the diagonal optical targets (denoted P0, P1 and P2 in Fig. 16b ) in the simulation and the experiment of the unfractured glass plate are compared. The agreement between the simulation and the experiment is good. However, there is a small deviation during the spring-back of the plate (after around 3 ms), presumably due to the simplification of the rubber material model. Note that the displacements are taken from both sides of the symmetry lines, resulting in a total of nine points, see Fig. 16b . The displacements of points P0, P1 and P2 are as expected perfectly symmetric in the simulation of the unfractured plate, while some variation can be seen in the experiment.
In the simulation of the fractured plate, the fracture stress σ s was set to 60 MPa (see Section 5.3), the fracture toughness K IC to 0.75 MPa m (see Table 1 ), and the fracture initiation parameters t s and α s to 2× 10 7 s and 0.5, respectively. The parameters t s and α s were chosen as they resulted in a highly realistic fracture pattern. The displacements of points P0, P1 and P2 in both the experiment and simulation are presented in Fig. 17b . Note that the displacement in P2 was no longer traceable after about 4 ms, and is therefore not visible after this point. The response of the experiment and simulation is highly similar. Fig. 15 . Results from the stochastic strength model [13] in terms of (a) the probability density of fracture stresses, and the position of fracture initiation for (b) a monolithic glass and (c) a laminated glass (D-03). However, some deviations are seen towards the end due to difference in position of fracture initiation and subsequent crack propagation in the glass. Fig. 18 compares pictures from the experiment and the simulation at three different stages throughout the test. The simulation captures many of the mechanisms seen in the experiment, including crack branching from the initiation point, formation of large glass splinters and free-flying fragments.
As previously mentioned, the employed fracture model is deterministic, which results in fracture initiation in the point of maximum major principal stress (i.e., in the mid-point of the glass plate). Since the glass plate in the experiment fractured close to the mid-point, it was possible to obtain a good agreement between the experiment and the corresponding simulation. In the aforementioned study on blast-loaded monolithic glass [13] , fracture frequently initiated under the rubber strips. To obtain a comparable simulation for those tests, we would have to include additional features such as distribution of initial damage to enable fracture initiation to happen away from the centre. Nevertheless, the presented simulation illustrates that node splitting enables a highly realistic description of the fracture and fragmentation in glass without loss of mass or momentum.
A small parametric study was carried out to investigate the sensitivity of the monolithic glass model. The study considered the glass mesh size, the fracture initiation parameters t s and α s , the fracture toughness K IC and the fracture stress σ s . Each parameter was given a lower and higher value compared to the base model. Additionally, a simulation with = s 90 MPa was run, because this was the employed fracture stress for the laminated glass model, see Section 5.5. Fig. 19 presents a picture from each simulation (including the base model) at 5 ms after impact of the blast wave. The parametric study suggests that the brittle fracture criterion is most sensitive to the value of t s , σ s , and Fig. 17 . Displacements of points P0, P1 and P2 versus time in experiment and simulation of (a) the unfractured plate and (b) the fractured monolithic glass plate [13] . the mesh size. The coarser mesh leads to fewer fragments, while a finer mesh gave an increased number of fragments, especially around the centre. The lower value of t s also resulted in more fragments around the centre, not unlike the finer mesh model. This finding suggests that to get a similar cracking pattern for a finer mesh, one should increase the value of t s . A fracture stress σ s equal to 50 MPa gave excessive fracture over most of the plate, while σ s equal to 70 MPa and 90 MPa gave similar results compared to the base model. The time of fracture initiation naturally varied somewhat for the different values of σ s .
Modelling of laminated glass blast tests
The numerical model of the laminated glass is similar to the monolithic glass model presented in Section 5.4. Differences include an increased fracture stress for the glass (σ s = 90 MPa), and naturally, the additional glass and PVB layer with adhesion and a delamination criterion. The loading was applied in the same manner as for the monolithic glass, but with the use of parameters from Table 2 . We also chose to utilise the symmetry of the problem in these simulations to save computational time. Consequently, only one fourth of the experimental setup was modelled. The employed material model for the PVB with fitted parameters was presented in Section 5.2. The PVB layer was modelled with one 27-node hexahedral element over the thickness. The pre-fracture behaviour of the laminated glass was examined first. We chose to model test B-03, and the resulting displacements of points P0, P1 and P2 in the experiment and corresponding simulation are presented in Fig. 20a . The simulation manages to recreate the overall experimental behaviour. However, just like in the unfractured monolithic glass simulation, there is some deviation during the spring-back of the plate (at around 2.5 ms). Still, the results indicate that the chosen PVB model and the fitted parameters are reasonable. The parameters of the delamination criterion were chosen through a trial-and-error approach, and are presented in Table 4 . These parameters lead to a realistic description of fracture and delamination, and are in the same range as parameters reported in studies of pre-cracked laminated glass specimens [9, 10] . The chosen parameters did not lead to highly localised stretching of the PVB layer between glass elements, 15), the scale factor ξ was equal to unity in these simulations.
For the simulation of a laminated glass that fractures, we chose to model test D-03, since fracture occurred close to the mid-point and delamination was observed in the test. Fig. 20b presents the displacements of points P0, P1 and P2 in the experiment and simulation. The behaviour is similar at the beginning, but deviates somewhat towards the end of the test. This result indicates that the cracking of the glass is more pronounced in the experiment than in the simulation, which leads to different levels of deformation in the PVB. Nevertheless, the displacements measured from the simulation follows the overall trend from the experiment, with a gradual increase from the start before it approaches a close-to constant value between 6 ms and 8 ms. Fig. 21 compares pictures from the experiment and the simulation at eight different points in time throughout the test. The simulation captures many of the mechanisms observed in the experiment, including fine cracking of the glass and detachment of glass fragments from the PVB. Additionally, the failure mode is highly comparable to the experiment, with extensive cracking in the centre and formation of diagonal cracks towards the boundary. Note that the back glass plate and the PVB are made partly transparent so that fracture in both glass plates is visible.
A parametric study was performed to investigate the sensitivity of the laminated glass model. The study considered the delamination parameters σ fail , τ fail , G I and G II , and the viscous flow stress parameter b 0 in the PVB material model. The latter was included in an attempt to study the influence of the autoclave process on the laminated glass model. Increasing the value of b 0 leads to an increase in the transition force and the initial stiffness of the uniaxial stress-strain curve. This effect is observed experimentally for PVB after the autoclave process, as discussed in Section 5.2. In the current parametric study, we investigated the use of a higher and a lower value of the delamination parameters, in addition to excluding the delamination criterion altogether. For the viscous flow stress parameter b 0 , two increased values were used. Additionally, a simulation with = s 60 MPa was run, since this was the fracture stress we employed for the monolithic glass model in Section 5.4. Fig. 22 presents pictures from each simulation (including the base model) at 4 ms after impact of the blast wave. We see that an increase in G I and G II leads to more cracking of the glass, whereas a decrease leads to less cracking. The response is reasonable because increased values of G I and G II imply that more energy has to be consumed before delamination can occur. This results in later and less delamination, which in turn requires the glass and the PVB to deform together. In this way, the glass fractures more extensively. Keep in mind that some delamination should be present to achieve a realistic fracture behaviour. If the delamination parameters σ fail and τ fail are increased excessively, or if no delamination criterion is applied at all, the cracking of the glass becomes rather limited. With little delamination present, the glass fragments seem to prevent excessive deformation of the PVB, which reduces the cracking of the glass plates.
Furthermore, the parametric study suggests that mode II failure is dominating in terms of delamination. By increasing τ fail alone, we are approaching the response with no delamination criterion. In other words, an increase in τ fail leads to less delamination and less cracking of the glass. An equal change in σ fail alone seems to have an opposite effect, as an increased value yields more cracking of the glass, whereas a decreased value results in less cracking. By increasing the value of b 0 , the amount of cracking is increased, presumably as a result of a less flexible PVB and a decreased amount of delamination compared to the base model. For a reduction in the fracture stress, i.e., = s 60 MPa, the glass plates undergo more cracking, which results from fracture initiation with subsequent fracture propagation at an earlier point compared to the base model. From the parametric study, it is evident that the behaviour of the laminated glass model is quite sensitive to all of the investigated parameters. It also appears that several combinations of the different parameters can result in a similar behaviour. It is therefore deemed necessary to investigate the input parameters in a more detailed manner in future studies, both through numerical simulations and experimental tests. Nevertheless, the numerical study reveals the potential of the selected numerical techniques.
Conclusions
In this study, we have investigated the possibility of simulating fracture and fragmentation of blast loaded laminated and monolithic (i.e., non-laminated) glass using explicit finite element analysis. In the simulations, we applied modelling techniques such as higher order elements and node splitting. The study also investigates the behaviour of blast-loaded laminated glass experimentally in a shock tube. In total, 15 laminated glass specimens, consisting of annealed float glass and PVB, were tested at five different pressure levels. The different tests displayed a variation in fracture initiation and subsequent post-fracture behaviour within the different pressure levels, demonstrating the stochastic fracture behaviour of glass.
The simulations of monolithic glass were able to capture behaviours such as crack branching from the fracture initiation point, formation of large glass splinters and free-flying glass fragments. We also conducted a parametric study to investigate the sensitivity of the FE model concerning the mesh density and the parameters in the failure criterion for glass. We observed that the model was most sensitive to the mesh density, the fracture stress σ s and the fracture initiation parameter t s . The simulations of the laminated glass were able to describe behaviours such as fine cracking of the glass plates, delamination between the glass and the PVB interlayer, and separation of glass elements from the interlayer. Just like in the monolithic glass simulations, a parametric study was carried out. In this case, we focused on the parameters of the delamination criterion. It was observed that the simulations were quite sensitive to all of the investigated parameters. Additionally, several effects that are known to be strain-rate sensitive (e.g., delamination and fracture toughness) were assumed rate independent in the FE model. Despite the fact that there are uncertainties linked to the selected method, the presented modelling techniques show great potential regarding simulations of blast-loaded glass. Finally, it is uncertain how the autoclave process on the laminated glass affects the PVB material. In the FE simulations of the laminated glass, we employed material tests of untreated PVB to calibrate the PVB material model. However, one might expect some change in the mechanical properties after this process. This effect should therefore be a topic of further investigation.
